Generalizing a recent analysis, we model the quantum Zeno and anti-Zeno effects with a quickly switched, ideal LC/LR circuit, in the limiting case of it alternating very many times between its short LC and even shorter LR regime. If the initial current is arranged to be negligible, the capacitor turns out never to discharge. If the initial current is made dominant, this capacitor discharges, and faster than the exponential decay to which it limits. The existence and simplicity of these phases in such a rudimentary model indicates that the corresponding effects are ubiquitous throughout physics, both quantum and classical. In turn, the parameter space of this model contains intermediate phases in which the circuit exhibits behaviors that seem to foreshadow other quantum effects of some interest.
disconnected from the capacitor and shunted through an ideal resistor (R). Finally, the circuit is toggled between the two regimes very quickly. Straightforward analysis then shows that, for certain choices of the circuit parameters, the so switched LC/LR circuit never discharges. That is, this circuit exhibits a Zeno effect, and provides a faithful, manifest, and easily constructed classical model of the quantum Zeno effect [1] . In turn, for other choices of the circuit parameters, this switched LC/LR circuit does discharge-and faster than the exponential discharge to which it limits. This then offers an equally handy classical model of the quantum anti-Zeno effect [6] .
The simplicity of this switched LC/LR circuit model and its analysis implies the intrinsic simplicity of the effects being modeled. Furthermore, it is not difficult to envision many other analogous classical systems, with the switching mechanism corresponding to frequent interruptions. All such systems then turn out to exhibit the corresponding analogues of the Zeno and anti-Zeno effect, indicating that these two effects, far from being peculiarities of the quantum nature of Nature and the measurement paradigm, are ubiquitous throughout all of physics, quantum and classical.
The Quantum Zeno and Quantum anti-Zeno Effects
The quantum Zeno effect was first formulated theoretically by Misra and Sudarshan as the quantum Zeno paradox [1] , but is by now an experimentally verified phenomenon [13, 14] and has become standard textbook material [15, 16, 17, 18] .
Within the standard formalism of quantum mechanics [19] (see also more recent texts, such as [15, 16, 17, 18] ), a quantum system may change its state in two essentially different ways. One is the unitary, superposition-conserving and deterministic quantum mechanical dynamical evolution, generated by the Hamiltonian and specified by the Schrödinger equation. This applies during time intervals of arbitrary length but during which no measurement process occurs and the system may be regarded as isolated. Following von Neumann's postulate, the other way in which a state can change is the so-called collapse, in which superposition is broken probabilistically by a measurement process, and which is inherently an interaction with an external agent 1 . This collapse (measurement) requires a finite time interval determined by the Heisenberg indeterminacy relations. Nevertheless, formally and without loss of generality, the collapse may be considered as being instantaneous.
Misra and Sudarshan [1] considered an unstable quantum system with the total Hamiltonian H, in its initial quantum state |i . This initial state evolves, during some short time interval [0, t], into the final state |f = e −iHt/ |i , which is a superposition of the undecayed initial quantum state |i , and the decayed state |d . The final superposition may be corresponded, roughly speaking, to an oscillation between the decayed and the undecayed quantum states. For a short time interval, however, this final state can be approximated by its Taylor expansion to second order:
Attempting to measure lack of decay at the time t > 0 on the quantum system in the final state will thus detect the undecayed state |i with the quantum-mechanical probability:
where
is the characteristic time of the system in the state |i . Eq. (2) manifestly contains no terms linear in t. For this reason, Eq. (1) represents the minimal non-trivial approximation of |f . Now subdivide the small time interval [0, t] into n sub-intervals of the same duration,
where n is a natural number, and assume that a decay measurement is realized at the end of each of these time sub-intervals. Since all measurement is (formally) instantaneous, the time spent in measurement is for all practical purposes of measure zero in the interval [0, t]. Then, the probability that a quantum system will remain undecayed after the whole time interval, by the the time t equals:
In the limit n → ∞, this probability clearly tends toward 1, implying that the frequent measurements prevent the unstable quantum system from decaying. This is the well-publicized result: "a watched pot never boils," metaphorically speaking.
The foregoing seems to indicate a paradox: although non-trivial quantum-mechanical dynamical evolution takes place during the whole time interval [0, t], moment by moment, there is nevertheless effectively no dynamical evolution by the end of whole time interval. In fact however, there is no actual paradox: On one hand, all theoretical predictions are obtained strictly adhering to the standard quantum mechanical formalism. On the other, the results are in excellent agreement with experiments [13, 14] . So, a paradox exists only in the eyes of a naïve-intuitive beholder, supposing that a measurement (i.e., the interaction of the system with a measuring apparatus) has the form of the simple dynamical evolution.
On the flip-side, Kaulakys and Gontis formulated theoretically the quantum anti-Zeno effect [6] , foreshadowed in the general result of Ref. [5] , which is mathematically not as simple; see the recent review [11] . Fortunately, we will not need its details, and suffice it here simply to cite Kaulakys and Gontis: "We show that repetitive measurements on a multilevel system with quantum suppression of classical chaos results in delocalization of the superposition of state, and restoration of chaotic dynamics. Since this effect is the reverse of the quantum Zeno effect we call this phenomenon the quantum anti-Zeno effect." Similar effects were discussed in Ref. [7, 8, 9, 10] , and we refer the Reader to these sources for the details.
3 Zeno and Anti-Zeno Effects in a Classical LC Circuit Herein, we discuss a classical model of the quantum effects described in the previous section.
First, consider a well-known ideal LC circuit with no thermal resistance: an ideal inductor of inductivity L connected in series to a charged, ideal capacitor of capacitance C, and an ideal switch closing the circuit. The equation governing this circuit-when closed-is:
Its general solution is:
where q 0 = q(0) is the initial electrical charge and i 0 = i(0) =q (0) is the initial electric current, controlled independently. Suffice it to assume that the capacitor had been charged initially, so q 0 > 0, and that it can but discharge upon completing the circuit through the inductor, so i 0 ≤ 0.
The system then has two characteristic time-scales: the "intrinsic" one, τ ω := ω −1 , and one that is determined purely by initial/boundary conditions:
. For any sufficiently short time (t τ ω , τ i ) from closing the circuit, the assumption q 0 > 0 implies that q(t) > 0 and the general solution is well approximated by
The formal analogy of this (indeed very basic!) result with the formula (1) is pivotal in our analysis. Furthermore, together with i 0 ≤ 0, the positivity of q(t) for such short periods of time then implies:
Probing the limiting values, we substitute t → τ ω and find:
Since τ i > 2τ ω , it would have been inconsistent to substitute t → τ i as that would have violated the t τ ω , τ i assumption; indeed,
is impossible to satisfy.
Next, we equip this LC circuit with an ideal switching mechanism, sketched in Fig may also be used to prepare the circuit: in the 'prepare' position, the capacitor is charged up to the desired initial value, q 0 . Independently, an initial and stationary current i 0 may be established through the inductor by a separate current generator, controlled by the same switch but not shown in the diagram to avoid clutter. All circuit elements are considered ideal, so the double switch will be assumed to make and break all connections practically instantaneously.
When the initial values are prepared, the switch is toggled 'on' at t = 0, and the LC circuit behaves as described above. But, at the time t = T C , this switch very quickly toggles 'off,' disconnecting the inductor from the capacitor and simultaneously shunting the inductor through an ideal resistor of resistance R; see Fig. 1 . The resulting closed LR circuit is governed by the equation:
Since the current through the inductor is routed through the resistor at the time of switching 'off,' we have that i(T C ) = i R (T C ), and so
We may now choose a brief subsequent time t = (T C +T R ) with T R T C , such that
by selecting R:
This ensures that, in the brief period of time T R after the switch was toggled off, the electrical current i R (t) is reset to the t = 0 initial value 2 ; that is, i R (T C +T R ) = i 0 .
On the other hand, during t ∈ [T C , (T C +T R )], there is no change in the electrical charge on the capacitor since it was disconnected from the circuit after the switch was toggled off.
The above two regimes having completed the switching cycle at t = (T C +T R ), the switch toggles instantaneously from off back on, and the inductor is again connected in series to the capacitor, and not the resistor. The system is again the LC circuit described by Eqs. (5)- (7)-modeling Eqs. (1)- (4)-with the equivalent initial current condition, but now starting from a somewhat changed initial value of the charge: The final solution of this dynamical equation in the small subsequent time interval [(T C +T R ), (2T C + T R )] is:
where positivity implies that
After this, the switch goes off for another time period of T R , the current resets to i 0 , the switch goes back on, and the cycle repeats.
Consider 
Now, when
Eq. (17) may be approximated as
This implies that the capacitor remains undischarged and that the electric current does not flow at all during the time interval [0, T ], even though the electric current can flow at any isolated moment within the large interval. Metaphorically, the finger meddling inside a toaster never gets burned.
Evidently, the result (19) is the hallmark of a classical Zeno effect, perfectly analogous to the quantum Zeno effect-together with the preparation stage, which is essential for the quantum effect [5] . It is in full agreement with classical electrodynamics (electronics) and represents a paradox only to the naïve intuition. The situation may be understood on examining cos-like discharging of the capacitor in an un-switched LC circuit is seen to be replaced here by an iterative concatenation of copies of the initial, very short and nearly flat segment. This leads to a discharging of the capacitor at a pace that is much slower than what happens in the un-switched LC circuit, in which the capacitor is discharged fully by t = 1 4 τ ω . In the N → ∞ limit of indefinitely frequent switching, the capacitor does not discharge at all.
--In the opposite case, i.e., when
tending approximately toward an exponential decay (rather than oscillation!) of the electric charge in the capacitor. Notice however that the electric discharging ends up being faster than the exponential curve to which it limits. Fig. 3 : shows the limiting exponential curve (black on the left,
Discharge acceleration
Figure 3: A sketch of the effect that the frequent switching and a non-negligible initial current have on the switched LC/RL circuit; this graph is virtually identical to the one reported in Ref. [7] .
grey on the right) and the finite-T N curve approximating the tangent with the slope i 0 (black on the right). This result evidently models the similar effects discussed in Refs. [6, 7, 8] , all dubbed the "anti-Zeno," "inverse-Zeno" or "Heraclites" effect, emphasizing the relative acceleration as compared to the exponential decay. Metaphorically, the finger meddling inside a toaster gets burned before the toaster heats up. In turn, the described dynamics is in full agreement with classical electrodynamics (electronics) and represents a paradox only to the naïve intuition.
--There are well-known analogies between the classical LC circuit, the classical mechanical linear harmonic oscillators of various kinds: swings, springs, etc., and so-called small oscillations in the most general Hamilton-Jacobi theory in classical mechanics and field theory-to all of which we refer as "lho." This implies that any lho with an appropriate and momentarily acting "meddling mechanism" that corresponds to the ideal switch with the shunting resistor described above will similarly exhibit a classical Zeno or anti-Zeno effect. In turn, this perfectly corresponds to the general results of Ref. [5] and also to the thermodynamically influenced quantum lho as a system which also exhibits the quantum Zeno and anti-Zeno effects as discussed in Refs. [9, 10] ; see below. 
Put simply, we consider an ideal (undampened) classical harmonic oscillator that evolves classically during a small time interval [0, T C ] with some initial "position" and initial "velocity.". In the next, much smaller time interval [T C , (T C +T R )] with T R T C , a specific non-conservative interaction between the oscillator and a meddling mechanism occurs. As soon as this momentary meddling interaction ends, at the time t = (T C +T R ) = T N , the oscillator resumes its temporarily stopped evolution, but with the "velocity" restored to its initial, t = 0 value. This cycle is then repeated many (N 1) times during a fixed, and still short time interval T < τ ω , where τ ω is the characteristic time-scale of the oscillator, i.e., the shortest such scale in complex oscillators. Such a frequently switched oscillator then exhibits the classical Zeno effect if the initial velocity (current) is negligible-as specified by the inequality (18) , and the classical anti-Zeno effect if the initial velocity (current) is dominant-as specified by the inequality (20) .
Finally, note that the resetting of the electric current (during the shunting through the resistor), i.e., the resetting in the "velocity" of the oscillator (owing to the non-conservative though momentary meddling interactions) represent a transitions from the dynamical (typically kinetic) energy into thermal energy, in perfect agreement with Joule's law.
Zeno and Anti-Zeno Phases and Conclusions
Reviewing the previous discussion, we can determine a sequence of criteria, which imply the emergence of the Zeno or the anti-Zeno effect in any domain of physics (classical mechanics, classical electrodynamics, classical thermodynamics, quantum mechanics, etc.):
The Zeno and the anti-Zeno effect occur in physical systems which have two sub-systems; let τ denote the smallest of the characteristic time-scales of the system.
During a short period of time t ∈ [0, T C ] with T C τ , an observable, R, of the first subsystem changes through dynamical evolution (the first process) as R 0 → R 0 (1 − at − bt 2 ). Here a and b are time-independent characteristic parameters of the system. Z 2 : During an even shorter subsequent period of time t ∈ [T C , T C +T R ], a non-conservative momentary-formally instantaneous-meddling interaction (the second process) between the first and second sub-system changes the observable
, where R 0 and a > a are the "renormalized" values of these time-independent characteristic parameters.
The system switches between the two processes a large (N 1) though finite number of times, such that T C +T R = T N and T < τ . , it exhibits the anti-Zeno effect.
In most concrete examples, a, b are continuously changeable-and controllable-variables. Also, the length of the time period T N , i.e., the number of subdivisions N , and the relative length of T C vs. T R are free parameters of the system and the switched process. In the concrete case of the switched LC/LR circuit, the choice of the circuit elements C, L-with R determined by (14)-the initial conditions q 0 , i 0 and the choice of T C , T R , N parametrize the behavior of the switched circuit.
Although the 7-parameter space (C, L, q 0 , i 0 ; T C , T R , N ) may well be redundant 4 , it is clear that there exists a nontrivial continuous parameter space for the switched LC/LR circuit. As described above, there are two interesting regions in this parameter space, in one of which the circuit exhibits the Zeno effect, this then being the "Zeno phase," whereas in another region the circuit exhibits the anti-Zeno effect, this then being the "anti-Zeno phase."
It should be clear that this does not (by far) exhaust the phase diagram: Comparing the conditions (18) and (20), we realize that the initial current i 0 may be assigned values that continuously interpolate between (18) and (20) . The correspondingly interpolating behaviors of the switched LC/LR circuit are then expected to interpolate between the Zeno and the anti-Zeno effect-and will likely be affected by different choices of N : if nothing else, as the relative ratios of In turn, each of the behaviors described in Section 3 and sketched in Figs. 1 and 2 has a perfect quantum-mechanical analogue and there is a formal correspondence between each quantum result presented in section 2 with its analogue, derived for the classical switched LC/LR circuit in section 3. Based on this formal correspondence, we conclude that the other, interpolating phases of the classical switched LC/LR circuit should have their corresponding-and perhaps novel-quantum analogues, and we hope to return to a more detailed mapping of this phase diagram at a later opportunity, comparing with the numerous cases discussed in Ref. [5] and their possible generalizations.
Suffice it here to draw the Reader's attention to the interesting qualitative change in the switched LC/LR circuit-controlled by the value of i 0 : As i 0 is initially chosen to be negligible, the circuit exhibits the Zeno effect: the slowing of the discharge as shown in Fig. 1 . Note that each finite segment in Fig. 1 , for N large but finite, does retain the very small but non-vanishing and negative O(t 2 ) curvature. Indeed, the well-known exact result for the un-switched LC circuit (6) is easily seen to have a negative curvature near t = 0 and arbitrary values of i 0 as long as q 0 > 0. By contrast, when a non-negligible i 0 < 0 is arranged, Fig. 2 shows that none of the finite segments nor their concatenation has any curvature, but limits to the exponential decay in the N → ∞ limit-which in turn has a positive O(t 2 ) curvature.
It then follows that the frequent switching (meddling) radically changes the dynamical evolution of the circuit, and the character of the change may be controlled by arranging the value of i 0 : Depending on i 0 , the switched LC/LR circuit either "remembers" its characteristic curvature and oscillatory nature, or "forgets" it and in the limit acquires an opposite value for exponential evanescence. In view of the correspondence between this switched LC/LR circuit and quantum systems exhibiting the quantum Zeno or anti-Zeno effects, it is intriguing to speculate about possibility of analogously controllable effects of "quantum memory/senility" and the interpolation between them.
Finally, we note that the above conclusions are very general: In all of classical physics, for all observables R (functions over the phase space) for which a non-conservative meddling interaction of the kind described in section 3 may be introduced, we have the following general behavior:
if δR(t) ∼ O(t α ) with α > 1, there exists an associated Zeno effect; if δR(t) ∼ O(t), there exists an associated anti-Zeno effect.
Since the analogous quantum effects are by now well established (theoretically and experimentally), the foregoing implies that these effects exist independently of the "quantum-ness" or "classicalness" of the given process. In fact, Ehrenfest's and the Feynman-Hellman theorem and their various generalizations imply that the quantum theory will have to reproduce these classical effects, and so will have to in fact also have their quantum versions 5 . These effects-and presumably then also any other effects interpolating between the two as described above-are universal in all of physics. Owing to the result (22), the ideal N → ∞ limit would reduce the phase diagram to only the Zeno and the anti-Zeno phase, with a clear demarcation line. The physically realistic 1 N < ∞ cases are then clearly more interesting in that they may harbor the emergence of intermediate phases.
In conclusion, let us summarize as follows: In this note, we have shown that classical systems such as a switched LC/LR circuit may be arranged to exhibit the Zeno and the anti-Zeno effects. By the well-known analogy, this also corresponds to the classical linear harmonic oscillator equipped with a corresponding meddling mechanism-and its "small oscillation" generalizations within all of classical physics. This then permits us to provide a general sequence of criteria for occurrence of the Zeno or anti-Zeno effect within any field of physics. In turn, a quantum physics translation of the above-hinted phase diagram indicates that the emergence of the Zeno and the anti-Zeno effects are also in full agreement with the interpretation of the quantum measurement as a spontaneous superposition breaking phase transition [3, 4] .
